©®pany I'epman Teopus yuxnuuecko2o usomoppusma

Dpanu I'epman

Teopus HUKINIECKOro u3omMopduzma
(franz.h-n@yandex.ru )

Oo61mas reopus

B nannoii paboTte paccMaTpuBaeTcs CBOWCTBO M30MOP(HBIX MOATPYIIT HEKOTOPOU
abctpakTHOM rpynnbl G, KOTOpOe MbI Ha3bIBaeM IUKIMYECKHUM H30MOP(GU3MOM. A Takke
MPUBOAUTCS IPUMEP MATPUUHOTO MPEACTABICHUS TAKOTO [IUKJINYECKOTO H30MOphHU3Ma.

Omnpenesienue:
Ecmm s K wmsomopdusix moarpymn A, A,, .., A, Hekortopoil rpymmsl G
CYIIECTBYIOT ITPe0Opa3oBaHusI:

alAzal_l =A;, azAsaz_l =A ak—lAkalil =A, akAiaI:l =A,

roc  a; - I/ISOMOp(beIe QJIEMCHTBI COOTBCTCTBYHOIIUX  IMOATPYIIII Ai , TO TaKoO€
Hp606paSOBaHI/IC 6y,Z[CM Ha3bIBaTb HUKINYCCKHUM I/I30M0p(1)I/ISMOM.

[TpucTynum K MOMCKaM HUKIMYECKOro U30MOp(hU3Ma cpeu MOArpyYI 2-T0 NopsaKa.
Tabmuua Kanu aiig takux rpynn umeet suj (Puc. 1).

a

a,| Qo a,

al al a'O
Puc. 1

[MpenmnonaoxeM, 4TO MbI UMEEM TPU MOATPYIIBI BTOPOTO MOPsiaKa (TPYIIbl BTOPOTO
MopsAJIKa Bceria n3oMop(dHbI), 00J1a1ar0111e CBOMCTBOM IUKIMYECKOT0 H30Mophu3ma.:
A{e a}, B{e b} C{e c},, rae e - neiirpanpuelii seMeHT. Kakaplii 371eMEHT B TaKoi
TPYIIIE ABJISETCS 0OPATHBIM CaMOMYy ceOe, II03TOMY MOYKEM 3allHCaTh:

aCa=B, cBc=A, bAb=C. 1)

Huknuyeckuit usomoppusm yno0Ho uzoOpaxkath B Buje nuarpeMmel (Puc. 2).

A

Puc. 2
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N3 paBencTs (1) nerko nmomyuuts oOpaTHbie mpoeOpa3oBaHus:
aBa=C, cAc=B, bCbh=A.

A

Puc. 3

OueBuHO, YTO 00 AMArpaMMbl MOKHO OObETUHUT.

Puc. 4

Kak BuauM, MPOCTEUIIMN IMKIMYECKMH H30MOP(GHU3M CHMMETPHYEH WIIM, BEPHEE
CKa3aTh, [0 CBOEMY KOMMYTaTHBEH, T. €. aBa = bAb, cAc =aCa, bCh = cBc.

13 paBeHCTB PacCMOTPEHHOTO MUKIMYECKOTO0 H30MOp(hHU3Ma MOXKHO MOJIYYHTH JBa
TaKUX BBIPAKEHHS:

ab=bc=ca=d,ba=cb=ac=f.
He tpynHo 3ameTwTh, 4TO 37I€MEHTHI €, &, b, C, d, f 00pa3yloT HEKOMMYTaTHBHYIO

IpYIITy IIECTOro MopsaKa, H30MOP(HYIO TPpyIIe MOJCTaHOBOK 3-ro nopsaaka. Tabnuua Kanu
TaKoW rpymnsl noka3aHa Ha Puc. 5.

Puc. 5
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JUi cuMMETpUYecKO TpyNIbl MOJCTAHOBOK TPETHETO MOpsiika OyleM UMETh TaKHe
COOTBETCTBHUSL:

123 123 123 123 123 123

123}’ 213)’ 132) 321) 312)° 231
Besikass rpynma, u3omMopdHas Tpymme IMOJACTAaHOBOK 3-TO TMOpsAIKa HMEET TpH
MOATPYIIBI, OONAArONIMe 3JIEMEHTAPHBIM  IUKINYECKHM  u3oMophusMoM. JlaHHBIH
I/I3OMOp(1)I/I3M MBI HAa3BaJIn BHeMeHTapHBIM, T. K. OH l'IOCTpOGH U1 MOATpylIl MUHUMAJIBHOT'O
nopsiaKa.
[Tepeitném K pacCMOTPEHHUIO ITUKIMYECKOTO M30Mop(du3Ma ajis rpymm 3-ro MopsiaKa.
Tabnuua Kanu ai1g Takux rpynn MMeeT BUJ:

Puc. 6

[lycte wmMeeM Tpu U30MOP(HBIX MHOATPYHIBEI C 3JeMeHTaMH 4a,, b, C, u

HEHTpPaJIbHBIM 2JIEMEHTOM e, JUIl KOTOPBIX CIPABEUIMB LUKINYECKUH H30MOphU3M. 3Has
taBiuiy Ko u onpeneneHne nUKIMYecKoro n3oMoppusma, MoxeM 3anucaTts: a,Ba, =C

wm a,b,a, =c,, a orcrona norygaem:

a,ba; =a,c;a,. )
N3 paenctBa (2) 3ameyaem, 4TO T. K. B JIEBOM M TPaBOM YacTH COMPSHKEHHBIC

QJICMCHTBI NPUHAJICIKAT OJIHOM U TOH Ke rpyire, a bi U C; - DJIICMCHTHI APYTHX PA3HBIX

IpyII, TO Ha OCHOBAHUHU OIpPEJENICHUs] LUKIMYECKOro M30Mopdu3Ma 3aKioyaeM, 4To s
CYLIECTBOBAHMSI [IUKIMUYECKOTO M3oMopdu3Ma Ajisl NOArpynn 3-ro nopsijaka Heo0X0oauMo, Kak
MUHHUMYM, 4ETBIPEX N30MOP(HBIX TOATPYII.

Huxe mbl BepHEMCA em€ K LUKIWYECKOMY HM30MOPQU3MY i MOATPYII 3-TO
MOpsJKA.

Jns nukinmyeckoro nzoMopdusma crpaBeasinBa cielyromas

Teopema:

Eciau cpenm moarpynmn HeKoTopoil KoHe4Hol rpynnbl G cymecTBylOT XOTs Obl
ABe U30MOpP(QHBIe B3aHMHONPOCThbIe MOArpynnsl A u B, u cymecrByer XoTss Obl OAMH
3J1eMeHT &, , HeKOMMYTAaTHBHBII ¢ moArpynmnoii B (1. e. a,B # Ba,), To Mexxay noarpynn

3TOro0 MOPSAAKA CYyIIEeCTBYET HMKIMYECKUNA H30MOp(pU3M.



©®pany I'epman Teopus yuxnuuecko2o usomoppusma

Jdoka3aTenbcTBO:
[Tycte HekoTopas rpynna G numeet aABe nu3oModHbIe TOATPYyNIbl A U B, U CylecTByeT

JIeMeHT a; € A, Takoil, 4yTo @;B # Ba,. 3necr noJ HEKOMMYTaTUBHOCTBIO JJIEMEHTA &; U
noArpymnmsl B umeercs B Buy, uto a;B u Ba; obpasyror pasnsie noarpynmnsl B rpynmne G.
OueBHIHO, YTO BJ1eMeHTH @ Ba™ Takke 00pasyroT MOArPYNIy, TPUYEM B CHIY
HepaBeHCTBa @;B # Ba, - 310 Oyzer moarpynma, omimuHas oT moarpynn A u B, HO
uzomopdras um. O6o3nauum eé C =a,Ba™*,
PaccmoTpuM snementsl b,Cb™, rme b, - s1eMeHT cOOTBETCTBEHHO H30MOPQHBIA

snementy a,. B cumy uzomopdusma noarpynn A, B u C, snementst b,.Cb™ BHOBL 06pasyior

MOJPYIIY, H30MOP(HYIO TaHHBIM.

T. k. rpynna G kKoHeuyHas, TO OHa MMeeT KOHe4Hoe uucio noarpynm. [Ipogomkas
Hallll HOCTPOEHHUS MOJOOHBIM OOpa3oM, Mbl B KOHLE KOHIIOB IOJYYHM 3JIEMEHTHI YiKe
cymecTBymomeil noxarpynmel. T. e. Hoiay4daeM, COIJAaCHO ONpEAENCHMs, IHKINYECKUN
nzomopusm nparpynn A4, B, C, ...

Yro u TpeboBaIOCh JOKA3aTh.

[Muknuueckuii n30Mop(U3M MOXKET OBITh TOBOJIBHO CIOXKHBIM. MBI yOeauMcsl B 3TOM
YK€ [IPU paCCMOTPEHUH MOATPYI TPYIIIbI IOJACTAHOBOK 4-T0 MOps KA.

Cpenu moArpynn JaHHOH TPyNIbl MOXKHO BBIACIUTb TPU U30MOP(HBIX MOATPYIIIbI
yerBéproro nopsaka 4, B, C. Ilpuuém cymecTtByer sineMeHT a; TakoW, yto a;B # Ba,.
CnenoBarenbHO, B CHJIY BBIIIEU3JI0KEHHOW TEOPEMBI, JlaHHbIE MOJAIPYMIbl CBS3aHbI
LHUKIMYECKUM H30MOophHU3MOM. B aToM He TpyaHO yoenuThes.

Acle o _[1234)  _(1234) _(1234
1 \2341) 7% \4123) 0 (3412)°

(1234) (1234) (1234)
B:{eDb, ,

I

O
hS)

I

by =
(2413 (3142) 7 (4321

(1234) (1234) (1234) 1234
C:qe,c; ,Cy = ,Cy = , 311eCh € = .
(3421) (4312) (2143) 1234

Tabmuua Kanu s Takux rpyni uMeeT BUA:

Puc. 7
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DIEMEHTOM, OTBEYAIONIUM TPEOOBAHUSM TEOPEMBbI O IUKIMYECKOM Hu30Mopdusme,
SABJISACTCS SIEMEHT &, M, COTBETCTBEHHO, - @,, T. K. @, = @, . [loyJaeM Takoii UKIMUecKuit
n3oMophu3Mm:

a,Ba;' =C, b,Cb;'=A, c,Ac;'=B. (3)

Puc. 8

N3 paBeHctB (3) J€rko MOJIY4YUTh OOpaTHBIE TNPEOOpPa3OBaHMS IHKINIECKOTO
nzomophusma.

a,Ca;' =B, c,Bc;'=A, b,Ab,'=C.

Puc. 9

OJeMeHT a, He OTBEYaeT YCJIOBUSM Halled TEOpeMbl, MO3TOMY A MOCTPOCHUs

LUKJINYECKOT0 n30Mop(pu3mMa He TOUTCS.

Kpome naHHBIX NOATPYII 3TOM TPYIIBI CYIIECTBYET €LIE YEThIpE MOATIPYIIIbI
TPEThEro MOpsAKa, OTBEYAIOIIME YCJIOBUAM Hameidl Teopemsl. TaOmuiy Koamm ang takux
Ipynn Mbl OKa3anu Ha Puc.6. Panee Mbl TOBOpMIIM, 4TO JUIS CYIIECTBOBAHUS LIMKIMYECKOTO
nzoMopusma cpeau noArpynn 3-ro mnopsiika HeoOXOAMMO Kak pa3 HE MEHee YeThIPEX
M30MOP(HBIX TOATPYIII.

BBenéM coorBeTcTByMOIIME O0O3HAUEHUS U MMOKAXEM JAUarpaMMbl IUKINYECKOTrO
n3oMopQu3Ma Ui TUX MOATPYIIIL.

1234 1234 1234 1234
A:qe,a, = ,a, = , B:ie,b; b, = ,
1423 1342 \3241) 4213

1234 1234 1234 1234
C:qe,c, = ,C, , D:4e,d, ,d, = .
4132 2431 2314 3124
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A
Cy b,
B a, C
B
c, d,

b,
A
d, C,
4—
C a, D
A
b, d,
D a, B

Puc. 10
B nannowm ciyuyae paBeHCTBO (2) mIpUHUMAET BU/I;
a,Ba, =a,Ca, =D.

Cpenau 5>IeMEHTOB CHMMETPHYECKON Tpymmbl 4-ro mopsaka ocraioch emié 6
AJIEMEHTOB, KaXIbli M3 KOTOPBIX B COBOKYITHOCTH C HEWUTpaJIbHBIM 3JIEMEHTOM 00pa3yeT
MOATPYIIY BTOpOro mopsiaka. [IpuuéMm, ocTaBimmecs SJI€MEHTH OTBEYAIOT TPeOOBaHUSIM
TEOpEMbI O MHKIHNYEeCKOM u3oMopdusme. CiemoBaTeIbHO, MEXKIY OCTABIIUXCS IOATPYIIIT
CYIIECTBYET ITUKINYECKUI U30MOPPHU3M.

BBeném 0o0o3HaueHHS:

. 1234 oo 1234 e 1234 J_ 1234 ‘ 1234 o 1234
“\1243) 7 \2134)" 7 \1432)" " \1324)"  |4231) 3214/

[Toarpynmsl  BTOPOTO TOPSAKA, COAEpIKAIIME JaHHBIE DJIIEMEHTHI, 0003HAYUM
cootBeTcTBeHHO: A, B, C, D, F u H, Torna
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INININLIN

——F>C F <—’H
Puc. 11

Kak BuIMM U3 [JaHHBIX TNPUMEPOB, MUKIMYECKUA HU30MOPGU3M  JOBOJIBHO
pa3zHooOpaseH.

Tenepp 3aiiMEéMcsA MOCTPOCHHEM TPYIMIbl, HOArPYMIBl KOTOPO 00pa3oBbIBAIU Obl
UKINICCKUI H30MOP(H3M, HIMEIOIINUN YeTHIPEXYToNbHYI0 nuarpamMmmy Puc. 12.

Puc. 12

[Ipocreiinie paBeHCTBa IUKIMYECKOro u3omopdusma Oynytr umerb Bua: aBa = C,
bCb =D, cDc=A, dAd =B.

[lepenuiiem 5T paBEHCTBa, BBeIAs O0O3HAUEHHUsS, KaK MPUHATO B OMPEHICICHUU
IUKJIMYECKOTo n3oMopdu3ma:

alAzal = AS’ azAsaz = A4, a3A4a3 = Al’ a4'6‘1614 = Az- (4)

T. K. MBI XOTUM HOCTPOUTH MPOCTEHUIIYI0 U3 BO3MOXKHBIX T'PYII, TO OyJeM CUUTATh,
gro Bce moarpynnsl A, A,, A, u A, BTOporo nopsuka.

"3 paBEHCTB (4) MoJy4aemM JOTIOJTHUTEIIbHBIE COOTHOIIICHUS:
a,a, =a,a, =a,a; = a,, a,a, =a,a, =a,a, = a,, a,a, =a,a, =a,a, =a,,
a,a, =a,a, =a,;a, =a,. M, kpoMme 3TOro, HEOOXOAMMO BBECTH €HIE OAUH DIEMEHT,
OIIpEIeNIAEMBII PABEHCTBOM: @,a, = 8.

[Tonygaem rpymnmy 10-ro nopsaka, uMmerontyto Takyto tadmauny Kamu (Puc. 14).

W3 Teopun abCTpakTHBIX TPyNI HU3BECTHO, yTo Tpymnmn 10-ro mopsaka CyliecTByeT
Tonbko nBe. OnHa w3 Hux AoleneBa, Apyras HeT. Mbl moctpousiu He AOeneBy rpymmy,
MIPEJICTABIISIONIYI0 COOOH MPsIMOE MPOU3BEACHHUE JBYX I'PYIMI, BTOPOrO U MATOrO MOPSIKOB.

Taxke U3BECTHO, YTO Takas rpymnmna UMeeT OAHY MOATPYIIY 5-TO MOpsAKa U MATh MOATPYIIT
2-TO TIOpSJIKA.

JleHCTBUTENBHO, KpOME JIaHHBIX HaMU noArpynn 2-ro nopsaka A, A,, A; u A,, Mbl
uMeeM el oaHy moarpynmy A, :{ao,ag}, a DIEeMEHTHl @,, a., 84, a,, dg 00pa3yroT
HOJTPYIIy 5-TO MOPsIIKA.

T. x. omeMeHT @, OTBe4aeT TPeOOBAHWSAM HamIed TEOPEeMbI, TO KPOME 3aJaHHOTO
MUKITMYECKOT0 U30MOP(H3Ma MBI TIOTy9daeM eIl 4eThIpe MO T00HBIX.
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a a
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Puc. 14

JlaHHBIN TUKIMYECKUH H30MOpP(HU3M MHTEPECEH TE€M, YTO JJS KaXKAOW OTIENbHON U3
IISITH MTOJTyYEHHBIX YEThIPEXTPAHHBIX JHAarpaMM HE CYIIECTBYET OOpaTHBIX JUArPaMM.
Bce maTe moarpyrin MokHO 00BEAMHUTH OJTHOM auarpammoit (Puc.15)
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»

A A,
&\ a, a,
Ay > A
A4

Puc. 15

A

O cymecTBOBaHUYU MATOW NOArPYHIBl A, MOXHO OBUIO CH€JIaTh 3aKIIOUYEHUE U U3

aHanu3a paBeHCTB (4).
Ha sToM MBI 3aKOHYMM HCCIeI0BaHUE OOIIUX BOMPOCOB M MPUCTYIHUM K MOCTPOCHHIO
MaTpu4vHOIO MPEACTABICHUA UKINYCCKOI'O I/I3OMOp(1)I/I3Ma.

Marpu4yHoe npeacraBjaeHue

Crnenyer 3aMeTHTb, YTO OJHOTUIHBIM (M30MOPGHHBIM) LUKINYECKUM H30MOpP(HU3MOM
MOTYT OBITh CBSI3aHBI MOJTIPYIIBI HE 0043aTE€IHHO H30MOP(HBIX TPYIII, TOATOMY MBI OyaeM
CTPOUTH MAaTPUUYHOE NPEACTaBICHUE UMEHHO IIUKINYECKOro M30Mop(du3Ma, a He MaTpUYHOE
MIpe/ICTaBlIeHNE a0CTPAKTHBIX IPYIIIL.

[Toctpoum nuKIMUECKUil M30MOpPGU3M Il MaTPUYHBIX Tpynn 4-ro MOpska,
COCTOAIIMX U3 MaTpuIl 2-ro nopsiaka. Tabnuma Kanu takux rpymnm nokasana Ha Puc. 7.

PaccMoTpuMm yacTHBIH citydait paeHCTB (3).

-1 -1 -1
a,b,a;” =c;, bic;b” =a,, ca,c; =h,. (5)

ComocTtaBUM KaXJIOMy 3JEMEHTY, MCKOMBIX TPYII, HEKOTOPYI0 MAaTpHIly BTOPOTO
MOpsJIKA.

a,=E, a1=\/A_+’ a2=a1‘1=\/A__, a; = A,

rae E — equHnyHag matpuna, /A, , /A_ - conpskEHHbIE KOPHU KBaJpaTHbIE U3 MaTpPHULIbI

A, npuyém A’=E, \/A_+\/A__:\/A__\/A_+ =E.

C,Z[CJ'IaCM AHAJIOTUYHBIC COMMOCTABJICHUA U JIA DJICMCHTOB APYIrUX ABYX I'PYIIIL.

bo:E’ b1:\/B_+’ bzzbl_lz\/B_—’ b3=B,
c,=E, ¢c,=,C,, ¢c,=¢ci'=,/C_, ¢c,=C.

Torna Ha ocHOBaHUU PaBEHCTB (5) MoOJlydyaeM CIEIYIOIIYI0 CTCTEMY MaTPUYHBIX ypaBHEHUI
MPECTABICHUS HUKIMYECKOTO H30MOpPu3Ma.



©®pany I'epman Teopus yuxnuueckoeo uzomopusma

JABJA =C
JB.C{B_=A. (6)
Je.Afc =B

MBI 1OJDKHBI IOMHUTB, 4TO OykBamMu A, B, C Tenepb 0003HAYAIOTCS MATpPHIIBI, a HE
TPYIIIIBL.

Tak kak Hamu matpullel A, B, C 001a1al0T OJHUMH U TEMH K€ CBOMCTBAMH, TO MBI
BBEJIEM JUIs HUX 00111ee 0003HaueHue X, Ie

XX=E, X X, = XX =X, X X =X X =E @)

PaccmopTum B pazBépuyTom Buje ycioBus (7).

2
XX = [Xn Xlz](xn XlZ] [ Kt XXy X12(X11 + Xzz) —E= (l O]
. )
Xo1 X N\ Xar Xy X21(X11 + Xzz) Xop + X15Xy 01

OTCIOI[a noJrydacem:

2
X1+ XXy = 1
2
Xy + XpXy = 1
: (8)
X12(X11 + X22)= 0
X21(X11 + X22)= 0

Kpome »storo, us det(X)-det(X)=1, clemyer det(X)=il. Jlng HaxoXKIeHUs

marpun /X, u ,/X_ Bocnomb3yemcs Gopmynoil (9), koTopast HE CIOKHO BBIBOJUTCS U €€
BBIBOJI MBI 3/1€CH OITYCKaEM.

+1 xllJ_rw/detiXi X5
)(i = ’ (9)
\/X11 + X,, 21/deti X ’ X1 Xy * \/det(xj

opu X, + X,, £ 2,Jdet(X) 0.

PaCCMOTpI/IM MMPOU3BCACHUC COHpH)KéHHBIX KOpHCfI N3 MaTpUIbL X.

(x +EJoet(X))  —(x - Edet(X))
X JX_ = . _
\/_H/__ \/x11+x22+2,/detixi \/xll+x22—2 det(X

_ —(x2-Edet(x)) _  Efdet(x)-1)  _
0, + %, —4det(X)  J(xy, + Xy, ) — 4det(X)

Otcrona moyvyaem:

10
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det(X)-1
=1. (10)
Vx + %, ) —4cet(X)

Panee MpI oT™Medanu, 9To det(X)= +1, HO 3aMeTUM, YTO MpHU det(X)= 1 paBeHcTBO

(10) cranoBUTCS TPOTUBOPEUHUBBIM, CIIEOBATEIHHO det(X)=—1. Torma, ¢ yuérom (10),

M0JIy4aeM TaKylo CUCTEMY YpaBHEHUI.

r

2
X1+ XXy = 1

X2, + X, X, =1

1 Xlzzxn + Xzz): 0 . (11)
X21(X11 + X22)= 0

\\/(xll + X, ) +4 =2

Tenepp MOKEM NPUCTYNUTh K MOUCKY MPOCTEHIIMX PEUICHUH CUCTEMbl YPaBHECHHUU
(11), xoTOpBIE OBl YIOBIETBOPSUIA PEIICHUSM CUCTEMBI ().
PaccmotpuM  cydaii, korma X, = X,, =0, Torma X/, = X5, =1. Tlomuum, uTo

det(X)= —1. T.o. mosyyaeM Takue peiieHuUs:

1 0
1) X12=X21=0’X11:11X22=_1I/IHI/IX=

0 -1

-1 0)
2) X12=X21=0,X11=—1, X22=1I/IHI/IX= .

0 1

OueBUHO, 3TU PELICHUS YIOBIETBOPAIOT cucteme (11).

PaccmoTpuM BTOpo# mpocreifmmii cioydaif, korna X;; = X,, =0, T. k. det(X)= -1,

TO X;,X,; =1.IlonyyaeM Takue MpoCTEeNIINE PEIIECHNU:

0 1
3) X11=X22=O’X12:11X21=1HHI/IX=(1 O]

0 -1
4) X1 = Xy =0, X, =-1, X21=—1I/IHI/IX=[ ! 0).

Pemenus 1) —4) Bce ynosnerBopsor Matpuniam A, B, C. PaccMOTpuM BCEBO3MOKHBIE
napsl pemeHuit 1) — 4), Moxer ObITh, Kakas-TO Iapa U3 HHUX YAOBJIETBOPSAET CHUCTEME

ypaBHeHuii (6).

1 0 -1 0
Paccmotpum perienust 1) u 2), mycthb A=(O J, B =[ 0 J. Beruucoum no

dopmyie (9) conpskEHHbIE KBapaTHBIE KOPHU /A, 1 JA_ .

11
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JA_E%F? —10+i)’ ‘/A_‘=%2i(1;i —10—i)'

[ToncTaBuM noSTy4yeHHBIE MATPHUILIBI B IEPBOE YPaBHEHHE CUCTEMBI (6).
1+1i 0 -1 0) -1 (1-i 0
B S =
S Y P = G

-1(-2 0} -1(-2 O -1 0
= —— = — = = B .
Jalo 2) -2(0 2) {0 1
3aMeTHUM, 4TO Mbl B3SUIH Ja=-2 , T. K. 9TO yCJIOBHE NATOr0 ypaBHeHUs cuctemsl (11) mpu
X1 + X,, =0, 1. e, B Ha1eM ciydae, a,; +a,, =0.
T. 0. nonydaem B =C, yTo npoTUBOPEUYUT NEPBOMY YpaBHEHUIO cUCTEMBI (6).

[TomensiB MecTamu MaTpuiibl A U B, Takke MPUXOAUM K IPOTHBOpeuHio. Pemenwus 3)
1 4) TaKKe HE YAOBJIETBOPSIOT IIEPBOMY YPABHEHHIO CUCTEMEI (6).

1 0 01
Paccmorpum pemenus 1) u 3). Ilycts A=(0 ], B=[1 O]‘ Haxonum

COHpH)KéHHBIe KOPHHU KBaAPATHBIC M3 MAaTPHUIbI A, MOACTABJISIEM ITOJTYYCHHBIC BBIPAKCHUS B

0 —i
MepBOe ypaBHEHUE CHCTEMEI (6) U MoJTydaeM B pe3yibTare HOBYIO Matpuily C = ( J .
i

0

He tpynHo npoBeputh, uto Matpunia C yaoBIE€TBOPSIET U cUcTeMe ypaBHeHuid (11).
[IpoBeprM, yIOBIETBOPSIET JH ManI/IIIa C BTOPOMY ypaBHEHHUIO cuUCTEeMBI (6).

1 i 1

Haxomum /B, = A/ B . U TOJICTABJISIEM BO BTOPOE
Zi[ ] V-2 [ —']

ypaBHEHUE CUCTEMBI ().

e s El R i

AHnanmornuHo yoOexaaeMcs, uro Matpuilbl A, B, C yaOBIETBOPSIOT U TPEThEMY
YPaBHEHUIO cuctemsl (6).

TakuMm oOpa3oM, MbI IIOJTy4aeM MEpPBOE MPEACTABIEHUE UKINYECKOTro n3oMopdusma
JUIA TPEX TPYIII YETBEPTOrO MOPSAKA, TIOPOKIAEMOE MATPULIAMMU:

1 0 01 0 —i
1) A= , = , C=|. .
0 - 10 i 0
Kak Bunum, marpuusl A, B, C HU 4TO MHOE, KaK M3BecTHble MaTpulbl Kinuddopaa-
[Taymnu.

IIpoBond aHanoOruyHble ACUCTBUA, IOJy4aeM U JAPYTHE€ IPOCTEUIINE PpELICHUs
CUCTEMBI YpaBHEHHI LIMKIMYECKOTO H30MOphU3Ma.

12



©®pany I'epman Teopus yuxnuueckoeo uzomopusma

01 10 0 i
2) A= , B= , c=| . |
10 0 - -i 0
10 0 -1 0 i
3) A= , B= ,c=| . |
0 -1 -1 0 -i 0

0 -1 1 0 0 —i)
4) A= , B= , C=|. .
-1 0 0 -1 i 0)
1 0 0 1 0 i
5) A= , B= , C= .
0 -1 1 0 —-i 0
-1 0 0 -1 0 —i
6) A= , B= , C=| .
0 1) -1 0 i 0)
(0 1 (-1 0) (0 —i)
7) A= , B= , C=|. .
0 - -1 0 0 i
8) A= , B= : C=| .
-1 0 0 1 —-i 0
I[J'I}I BCEX ManI/II_[ 9THUX peHJeHI/Iﬁ CHpaBe,[[J'II/IBO 06]1166 CBOP'ICTBOZ
AB=-iC, BC=-iA, CA=-iB. (12)

[TapayienpHO 3aMETHUM, YTO MATpPULBI HAIIMX pENIEHUH, B COBOKYIHOCTH C

i 0 -i 0
MaTpHUllaMu (0 ] u (O _], 00pa3yloT H3BECTHYIO TIpYIIy KBaTEpPHUOHOB. 3J€Ch
| —1

a, =" C i ” U E O IR (O I
= - HCUTPAJIBHBIU DJICMCHT T HHI)I, = s = , — . ,
°=lo i P 24 150 —1) %271 0) T o

L0 0 (0 -y, (-1 o) (-1 0}, )
4 = i 0 y Qg = 1 0 y dg = 0 1 y A = 0 —i . KauCCTBC TPYHIIOBOU

OTIEPAIIMH « ©)» MEXJLy DJIEMEHTAMU BBIIONHAETCS JiekicTBre: @; od; = —ia,a; . Tabmmua Ko

TaKOW TPyl UMEET BU:

13
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Puc. 16
Ha »>TOM MBI OCTaBUM MOHWCK Jpyrux pemieHuil cucreMm ypaBHenuid (11) u (6) u

IIOKa>X€M B O6HICM BUC, KaK CTPOATCA I'PYIIIbI, IIOPOKIACMBIC MaTpUllaMU Haynn, KOTOPBIC
O6J'I8.I[21IOT CBOMCTBOM OUKIINYCCKOI'O I/I3OMOp(1)I/I3Ma.

I'pynnsl matpun Iayaun

BBeném o6o3Hauenus nns Matpul Ilaynu, npuHsThie B OOJIBIIMHCTBE U3BECTHOW HAM

JINTEPATYyPHI.
Sl=1 0 82=o 1 s3=0 —i
0 -1)° 1 0/ i 0)

10
[Tycte S — mro6ast u3 matpu [laymu. Torma S S = E = [0 1], det(S): —1. IlycTh

1 1

SM" u S" - nBa conPsHKEHHBIX KOPHS N-0# CTENEHU U3 MATPHUIILI S, IPUUEM TaKHE, UTO
+ b >

11 11
Sh Sn=S" Sh =E, (13)
12 o1 o1 21
Torga MHOXecTtBo Matpun G = E,S!, S!S, 8,8 ..., S, S obpasyer

MUKIMYECKYIO TPYIITY 2N-TO MOPSIKA.
Yo6enumes, uro G — HUKIMYECKas TPyMIIa.

14
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JTro0ObIe JABa 3JICMCHTA H3 MHOXKCCTBa G KOMMYTAaTHUBHBI, T. K. Ka)K,Hblf/’I U3 B3ATBIX
1 1

3JIEMEHTOB IIPEACTABIAET COOOM 1IETyI0 CTENEHb dIeMeHTa S M 3jaeMeHTa S, ¢ ydérom
(13).
[TpoBeprM aKCHOMBI TPYIIIIBI.
1. Ha muoxectBe G B KadecTBE TPYIIOBOW OINEpAMHM HUCIOIB3YETCS OIeparus
YMHOKEHUSI MaTpUll, 17151 KOTOPOU CIPaBeINB acCOIMAaTHUBHBIN 3aKOH.

2. E — HelTpanbHbIA SIeMEHT.
Kk

3. Jlna xaxjoro snemeHTa u3 G umeerca eMy ooparusiii: S S =FE.
4, HOKa)KeM, qTO AJIA JIFOOBIX ABYX JJICMCHTOB HU3 G mx MMPOU3BCACHUC SABJIACTCA
TOXe 31eMeHToM u3 G.

k m k+m
1). PaccmoTpum npoussenenune S! S =S, " ,roe K<n, m<n.
k+m
a). [Iyctb k+m<n,torma S," e G.
k+m

0). [Iyctb K+ m > n. IIpeacraBum S+T B CJICJIYIOIIEM BHJIC:

k+m k+m—n k+m-n  k+m-n  2n—(k+m) 2n—(k+m)

S," =S, " S=S, " S_n" S_ " =S " |

a 1. k. k+m>n umw k<n, m<n, 7o 2n—(k+m)<n. CrnenoBarennHO,

2n—(k+m) k+m

S. " =S," eG.
k m

2). PaccmoTpuM mpou3BecHIE Sf S",rae k<n, m<n.
koom  kem omom k=m
a). [lyctb k>m,Torpga S? S" =S,» S» S"=S5," € G.

m

k
0). ITyctb k = m, Torna ouesugno, uro S S" =E.

k k
3). Pacemorpum npoussenenne S S (mmm S S).

Tenepsr mokaxem, uTo 2meMeHT S (unum SI) sBiseTca oOpasyrOLIMM 3JIEMEHTOM

rpymisr G.
Od4eBHIHO, YTO BCE 3JIEMEHTHI ciieBa OT S (cM. 3amuch MHOXectBa G), kpome E,
1 n

1
ABJIAIOTCA cTeneHsMu dnemenTa S or 1l qon-1. | S} | =S.

n+1

1
n
Paccmotpum | S

15
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n-1
DOnemeHT S_" - MepBbIi U3 3JIEMEHTOB, PACIIOIIOKEHHBIX CIIpaBa OT 3JIeMeHTa S (CM. 3aIUCh

1 n+2 n;z
MHOXecTBa G). | S =S " ,uT 1.

1 2n-1
PaCCMOTpI/IM DJIEMEHT [Sf J .

+

2n-1 1 n+(n-1) n-1 1 n-1 n-1 1
] =[an =SS =SSP S Sno=8n,

E L S |
Torna[Sf] =S" S =E.

T. 0., Mbl JOKa3ajJHM, 4YTO MHOXCCTBO G saBusgetcsa LUKIIMYECKOU rpynnoﬁ 2Nn-ro

nopsiaka. ['pynmel G B nanbHeiem Oynem Ha3bpiBaTh rpynnamu matpun Haymnm.
[Toxaxxem, uro rpynnbsl MmaTpull Ilaynu 2n-ro mopsinka (N — uérHoe) oOnamaroT

HUKIMYECKUM U30MOPPU3MOM.

Hamomuum, uto S* S? = —j S®, S S® = —j S! S3 st=—_j s2.

['pynmy, nopoxnaemyio Matpuieii S*, 6ynem o6o3nauate G*. T. 0., MBI UMeeM TpH
rpynmsl Matpun, Iayma: G', G?, G°. 3amumem B 06mieM Buje BBIPOKEHHS I

CONPSKEHHBIX KOPHEH KBaJIPaTHBIX U3 MATPHUIIBl S .

Js¥ =L (s*+iE), J?E:%i(sk —iE).

2i

He tpynno y6eaurtsbcst, 4to

Jsiysiyst = s, 14)
Jsisiys? =s;, (15)
Jsisiys? = s, (16)

1

JlokaxkeM, 4To \/S>i (Si )% \/?f = (S;3 )E .

[TpeoOpasyem paBeHcTBO (14) cnenyromum o6pazom:

1

JSEYs2 ST = Jsi(s2)r(s2)r(s2 ) st

16
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1

n
A€ COMHOXHUTCIIb (Si)n HCIIOJIb3YCTCA E pas. HpaBy}o 4acCTb, IMOJIYYCHHOI'O BBIPAXKCHMA,

MOKHO IIPCACTABUTHh B TAKOM BHJIC:

1

(552 Y Vi 7 {2 7T ST 7).

NS

1(/5:(62)' 57 )= T =TT(62)'
OTcro1a 3aKJII0UaEM, UTO \/?i (S 2 )% \/§ = (SJ_r3 )% :
AHAJIOrMYHO TOKA3LIBAETCS, YTO \/S>f (Sj_’ )% \/S>_2 = (S i )% u J?f (S i )% \/?3 = (Si2 )% .

I/ICHOHBBYSI MMOCJICAHHUEC PABCHCTBA HEC CII0KHO A0KAa3aTb, 4TO

si(s2)r T =(s2)r.
s2(s2)r 57 =(s2)r
s(s2)ry/s7 =(s2)r.

T. 0., MBI JOKa3anu, 4TO IS TPYMI G, G?, G° CIpaBeJIUB TUKIMYECKHUI
U30MOpPU3M:

JsiGs! =6,
Jsics? =G,
JsiGs® =67,

B 3axmrouenue nmpuBenéM npuMep KOHKpeTHbIX rpynn Marpull [laynu 12-ro nmopsiaka,
JUISL KOTOPBIX CIPaBeIINB LIUKINUYECKUN N30MOPHU3M.

[IpenBapuTenbHO MOKakeM BBIBOJ (OPMYJIIBI 111 HAXO0K/IEHUSI KyOUUYECKUX KOpHEH U3
KBaJIpaTHBIX MaTpPHUI 2-T0 Mopsaka. IT1a (opMmysa MOHaJ00UTCA HaM B JallbHEHIIIEM.

a a X X
ITycTh A=( H 12J n X =( H 12} takag, uto X°=A u
aZl a22 X21 X22

det(X)= X1 X0 = XXy = 3/det(A).

PazBepHyB paBeHCTBO X3 = A, moiy4aeMm TaKyiO CUCTEM ABHEHUIA:
b

17
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X131 T XpoXp Xyy X12X21(X11 + X22)= ayn (17)
X121X12 T XppXo F X12X22(X11 + X22)= a; (18)
ngle + X12X§1 + X21X11(X11 + X22)= az (19)
X232 T X12X21 X2 + X12X21(X11 + X22)= Az, (20)

Cnenaem npeoOpa3oBanus ypaBHenus (17).
X3 + x12x21(2xll + x22)= X3 + (xllx22 — 3/det( A;XZXH +X,,)=2a,,.
X;1 +2X31 X, — 2X11i/m+ Xy1 X3, = Xzzs\/m =
= xll(xfl +2X,, Xy + xgz)— %/detiAi(x11 + xzz)— x,,3/det(A) =
= xll((x11 +X,, ) — %/detiAi)— (%, + x,, R/cet(A) = a,,

AHaJIOTMYHO HAXOIUM:

a,, = xzz((x11 +X,,) — %/detiAi)— (%, + x,, B/cet(A).

JIBa moceTHUX paBEHCTBA MEPEITUIIIEM TAKHM 00pa3oM:

« = a;, + 3,/detiAi(x11 + X,, « = a,, + 3,/detiAi(x11 + X,,
T (X + %, P —3et(A) T (xy, + Xy, ) —3det(A)

Cno’xuM JieBbl€ U MPaBbl€ YaCTH MOJYYEHHBIX BBIPAKEHUI:

a;, +a,, + 23,/deti Ai(x11 + X,,
X1+ Xy =

(xll + xzz)2 - 3,/detiAi
(X,1 + X5, ) —3[det(A)(x,, + X,,) = a,, +a,, + 23/det(A)(x,, + X,,).

OO6o3HauuB X,; + X,, = t, MoIy4aeM XapaKTepUCTUUECKOE yPABHEHUE:

t* - 3t3/det(A)-(a,, +a,,)=0. (21)

Pemmus 510 ypaBHEeHUE, MOXKHO HauTH t, U nanee X,; U X,,, 1€

, UIIN

_a;; +t-3/det(A _ 2, +t-3det(A

X, = X, =
o —gfoet(a) T t2—3/det(A)

U3 ypaBuenuii (18) u (19) Haxonum:

18
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alZ a‘21
X = Xy =,
Pot2_3fdet(A) 7 12 —3/det(A)
[Tomryuaem obmryto hopmyiry:
YA=— 1 (A+t-yaet(A)E) (22)

t2 —3/det(A)

Xapakrepuctuueckoe ypapHeHue (21) ms matpur [laynu umeer Bu:
t*+3t=0.

Otkyna: t, =0, t, = i3, t; = —iv/3.1 dbopmyna (22) OyaeT BBIMISACTh TAKUM 00pa3oM:

sk = ﬁ(sk +1E).

Ha ocHoBanuu HOCJIe,HHeﬁ (1)OpMy.]'ILI IoJrydyacM:

1

57 =50 {5E =15 i) 52 5T - (o ) ()

1

PanHee MBI TOKA3ajIH, 4TO (Sf )5 Sk+ iE), Torna

=%(
(s2): (1) = (st ) - —2—\/15(8k ~iV3E)s* +iE)=

_ —ﬁ(E ~iV/3S* +iS* +V3E)= —%(i(l—ﬁ)sk +(L+3)E).

5 1
MEI TOMHHM TaKKe, 4TO (Sf )6 Sk = (S'_‘ )6 , T. €.

(s¥)s = —%(i(l—\@)sk +i+B)E)s" = —2—\/15((1+ J3)s* +ift-3)E).

1
Ho (Si‘)6 - 3TO KaK pa3 M ecTh 0Opa3ylommii saeMeHT s rpymmsl G*  12-ro

nopsiika. BBIUUCISAS pa3NWYHbIE CTETIEHW 3TOTO AJIEMEHTa, MOXXHO HAWTH BCE JJIEMEHTHI
rpyrmel G

[Tpu BbIUMCIEHUH MATPUIL MBI JOJDKHBI IOMHHUTB, YTO Ja=-2 (mmu V=4 ==2i), T.
K. 9TO yCIIOBHE MOCJIETHET0 ypaBHEHUS cucTeMsl (11).
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